Chapter Series Solutions of differential Equations

Def .

A function f(x) is said to be analytic at the point x=x, if and only if it
has a Taylor series at x=x, which represents the function in some

neighborhood of x=x,.

Def. Point

If the coefficients functions P(x) and Q(x) in the equation
y"+P(x)y'+Q(X)y =0 are both analytic at x=x,, then x, is said to be
an ordinary point of the equation. If at least one of the functions P(x)
and Q(x) is not analytic at x=x, butifboth (x—x,)P(x) and
(x—%,)°Q(x) are analytic at x=x,, then x, is said to be a regular
singular point of the equation. If at least one of the functions (x—x,)P(x)

and (x—x,)’Q(x) is not analytic at x=x,, then x, is said to be a
irregular singular point of the equation.

Ex. Solve y'+p(x)y=r(x) with y(x,)=Y,

Ans. Express y(x) = y(X,)+ Y'(X,)(X—X,) +% Y (X)X =%,)” +..

The equation y'(x,)+ p(X,)y(X,) =r(x,) yields

Y' (X)) ==P(X)Y(X) + T (X,)

and y"(x,) =r'(x)) = p'(%)Y(%) = p(%,)Y'(%,) , etc.

Ex. Solve y'+(1+x*)y=sinx with y(0)=a



Ans. Express y(x)=a+ y'(0)x +% y"(0)X* +..
The equation y'+(1+x*)y=sinx yields
Yy =—(1+x)y+sinx, Yy =—(1+%x")y —2Xy+cosX,
y" =-2xy' —(1+x*)y"—2y—2xy’ —sin X, etc.
Taking x=0 into the above equations yields
y=-y0)=-a, y(O)=-y(O)+l=l+a,
y"(0)=—-(1+a)-2a=—(1+3a), etc.
: x> X’
Finally, y(x)=a—-ax+(1+ a)z—!—(l+3a)§+..
Ex. Solve y'+4xy=3¢*" with y()=1
Ans. Express y(x)=1+y'(x,))(x—1)+ % y'(D(x=1)" +..
The equation y'+4xy=3e*" yields
Yy =—4xy+3e*",  y'=—4y—4xy' +3e*", y"=-8y —4xy"+3e*", etc.
Taking x=1 into the above equations yields
y'(D)=-4y()+3=-1, y'(1)=—4+4+3=3, y"(1)=8-12+3=-1, etc.
Finally, y(x)=1-(x-1) +%(X—1)2 +..
Ex. Solve y"+xy'+(1-x*)y=x with y©)=a and y'(0)=b
Ans. Express y(x)=a+bx +% y"(0)X* +..
The equation y"+xy' +(1-x*)y=x yields

m__

Y ==xy'=(1=x)y+x, y"=-xy"—=Q2-x)y +2xy+1,

"

YU =y Xy +2xy —(2—-X2)Y" + 2y +2xy’, etc.

2



Taking x=0 into the above equations yields

y"(0)=-y(0)=-a, y"(0)=-2b+1, y“(0)=3a+2a=>5a

2 3 4

. X X X
Finally, y(x)= a+bx—a2—!+(l—2b)§+5az+..

HW. Find the first four terms in the power series solution of the following

equations

1. A+3x3)y"+2xy’+2xy=1 with y0)=a, y'(0)=b.
2. V' +(x=xX)y'+y=0 with y0)=2, y'(0)=-3
3. 1-x)y"+2xy'-2xy=0 with y(2)=1, y'(2)=5

§ Homogeneous Solutions

Ex. y”+gy’+ y=0
X

X(x—1)°

The solution y(x) is expressed as
y=|x=1"[a,+a(x=1)+a,(x-1)" +...]

Or y=a,(x-1)"+a,(x=D)"" +a,(x-1)*"+...

Ex. y"+xy'+y=0

Ans. The point x=0 1is an ordinary point of the equation.

So, the solution y(x) is expressed as y= Zaixi .
i=0
Di(i-Dax?+Yiax +> ax =0
i=0 i=0 i=0
Yii-Dax?+Y a (k+Dx =0,
k=0

i=2

Let i=j+2,then i=2—j=0

S +2)(1+Da;,x + > ak+x =0 or
k=0

i=0



. . . i j+1
+2)(j+Da..,+(j+Da;x'=0,s0 a.,,=—————a,
JZ(;[(J )(J )]+2 (J )]] j+2 (J+2)(J+1) ]

Ex. xy"+y' +y=0
Ans. The equation can be expressed as y” +§y’ +l y=0 which
X

indicates x=0 1is aregular singular point and x=1 is an ordinary point.

So, the solution is expressed as y=> ax
i=0

xii(i ~Dax + i iax™ + iaixi =0 or
i=0 i=0 i=0

xii(i ~Dax"? +iiaix“1 +iaixi =0
i=2 i=1 i=0

i(i—-Dax™ +Yiax" +a+ Y ax' =0
i=2 i=0

LS}

NgE

ilax+a +a,+Y.ax =0, Y [[i+D)’a, +a]x +a +3,=0
i=1 i=1

W
o

implies a =-a, and a”l:—;zai, i=1,....
(1+1)
Or
1 1 1 1
a =-4q,), a2:?a09 az=—3—zaz=—waoa a4:WaO
NG X3 x*
X)=a,[1-X+ - + +..
YOO =l o ey

Ex. Solve y"+2xy’+(1+x*)y=0 with y©0)=3 and y'(0)=-1
Ans. y(x)=Y ax' —>li{i-Dax >+ 2iax + Y ax +» ax*? =0
i=0 i o = —
= [([+2)(i+Da,, +a]x + > 2igx + Y ax? =0—
i-0 i1 i=0

(28, +a,) +(63; + al)X+i[(i +2)(i+Da,, +a]x' + 2aIX+iZiaiXi Jriaix”2 -0

i=2 i=2 i=0

— (23, +a,) + (63, +3a‘1)x+i[(i +2)(i+Day,, +(1+2D)a]x' + iaixi+2 =0

i=2 i=0

Let i=j+2,then



2a,+a,)+(6a, +3a x+w[ j+4)(j+3)a.,, +(5+2))a; ]xj*2+wa.x”2:o
(28, +a,)+ (63, +3a)x+ D [(J+ (] +3)a;, +(5+2])a, ,

j=0 i=0
(2a, +a,)+(63, +3a)X+ Y [(j+4)(j+3)a,, +(5+2])a;,, +a,]x"** =0
j=0
1 1 5+2]j 1
7 (=78, =, Ay T oo 8, T 8
2 2 (J+4)(j+3) (J+4(j+3)
—a ——ia —ia —la a ——la —La —la
o127 12 8 207 20" 87
a ——ia —La L a ——Ha —La ——La
o 30t 30 ° 486“”7 427 427 48"

1 1 1 1 1 1
So, y(X)=a,(1-=xX"+=x' ——x*+.)+a(X—=X +=X ——x" +..
y(x) = ay( T )+a( T )

! 1 3 1 5 3 2 5 4 6 5
X)=a,(-X+=X ==X +.)+a(I-=X"+=X" ——X +..
Y =2y 2 8 Jra 2 8 48 )

y(0)=3=3a,, y(0)=-1=3q

. 1 1 1 1 1 1
Finally, y(x)=3(1-=x*+—x'——x*+.)-(x—=X’ +—x"——x" +..
Y, Y =3 2 8 48 )=( 2 8 48 )

Ex. Solve y"+xy'+y=0 with y0)=1 and y'(0)=0
Sol. y(x) :iaixi — ii(i ~Dax"’ Jriiaixi Jriaixi =0
i—0 i—2 i-1 i—0

Let i=j+2—> > (j+2)(j+Da,,x' +>iax +a,+ Y ax =0

i=0 i=1 i=1

— a0+2a2+i[(j+2)(j+1)aj+2+(j+1)aj]xj:0

i1

1 1 1 1

- 3.22—53.0, aj+2:_maj3 g 3.2:—53.0, a3:_§a1:
1 1 1 1 1 1
a4:_Za2:§aoa a5=—§a3=gal, aﬁz—ga4:—gao,
x> x* X X
X)=a,(1-——+—+..)+a, (X—+—+..
y(x) =a,( > )+a( T )
3 4

Y'(X)=a0(—x+X?Jr...)Jral(l—x2 +X?+._)

2 4

YO =1=2,, Y0)=0=8=>y()=1-""+"+..

Legendre differential equation

(1=x")y" =2xy'+a(a+1)y=0



x=0 1is an ordinary point, y(x):iaixi

i=0
ii(i—l)aixi’z—ii(i—l)aixi —Ziiaixi +0¢(0¢+1)iaixi =0
i=2 i=2 i=1 i=0
i(]+2)(]+l)aj+2xJ ZI(I Dax' —ZZIax +a(a+1)Zax =0

J=() i=2

Ms

[(j+2)(j+Da,, +a(a+Da,]x’ - Zi(i +ax —2ax=0

i=2

—_
Il
(=}

—[2a, +a(a+1a,]+[6a, + (a+2)(a—-1)a, ]x+
S (+2)(+Day, +ala+Da, - j(j+Dajx =
—>2a, +a(a@+D)a, =0, 6a,+(a+2)(a-1)a =0

(j+2)(Jj+Day,, +[a(a+) - j(j+D]a, =

2 2 0 % 6 e (j+2)(j+1

a(a+1)a a__(a+2)(a—l)a a __(a—j)(a+1+j)a

ﬁa_

y(X)=(q, +a, x> +a,x" +..)+(aX+a, X +..)

Special cases:

1. =0
ii(i—l)aixi’2 Z|(| Dax’ —22|ax =
i(]+2)(]+1)aj+2x’ ZI(I Dax' —ZZIax =

(J+2)(j+Da,,x +2a, +6a3x—2i(i +1ax —2ax=0

i=2

b T

(J+1)[(J+2)aJ+2 a; X’ +2a, +(6a, —2a,)x =0

—
|
S

i
a_,=——a.,
3 242

QD
S}
Il
D
Il
D
Il
Il
(=)
u?)
Il
I
D
|

X* X
y(X) = a, +a1(x+?+?+..)

2. a=1



ii(i—l)aixi’2 ZI(I Dax’ —22|ax +22ax =

i(]+2)(]+1)aj+2xJ ZI(I Dax’ —ZZIax +2Zax =0

Ms

[(j+2)(j+Da,, +2a,]x! —Zi(i+1)aixi —2ax=0

i=2

—_
Il
(=}

—[2a, +2a,]+6a,X+

S (i +2)(j+Day., +2a, - j(j+Da}x) =0

j=2

—2a,+23,=0, 6a,=0, (j+Da;,,—(j-Da;=0

j-1 1 1 3 1
JTaj, a.4:§a2 :—gao, a6:§a4:—ga0

—>a,=-a,, 3,=0, a,
xt X
y(x)=a0(1—x2—?—?—...)+alx
Ex. Chebyshev equation
(l—xz)y”—xy'+m2y:0

Ex. y" + y - y=0 has two singular points x=0 and x=1.

X(x—1)°

Except the two points, the equation is analytic everywhere.

1. Both 2 and are analyticat x=0,so0 x=0 isaregular

(x=1)°

singular point.

is not analytic at 3—X3, so x=1 1is airregular point.
(x-=1) (x-=1)

Theorem

At an ordinary point x=x, of the differential equation

y'+P(X)y +Q(X)y=0

Every solution is analytic, i.e., can be represented by a series of the form

y=2a,+a,(X—X)+a,(X—=%,) +...

Moreover, the radius of convergence of each series solution is not less



than the distance from x, to the nearest singular point of the equation.

Theorem

At a regular singular point x=x, of the differential equation
y'+P(X)y +Q(X)y=0

There is at least one solution which posses an expansion of the form

y = X=X [a, +a,(X—%,) +a,(X— %) +...]
and this series will converge for 0<|x-x|<R, where R is not less than

the distance from x, to the nearest of the other singular points of the
equation.

Theorem

At an irregular singular point x=x, of the differential equation
y'+P(X)Y +Q(X)y=0

there is in general no solutions with expansions consisting solely of

powers of

X=X,.
20,0 [ 2 2 " 1 ! n2
Ex x’y"+xy'+(x*=n*)y=0—y +;y +(1—F)y=0.

x=0 1is a regular singular point.

2x ., n(n+l1) _0

Ex. (1-x*)y"-2xy’+n(n+1)y=0— y”—l_x2 Y+

Both x=1 and x=-1 are singular points.

At x=1 both (x—l)lz))((2 and (x-1) nl(n;:zl) are analytic
2X , n(n+1) .
At x=-1 both (x+1)1 v and (x+1) — are analytic

So, both x=1 and x=-1 are regular singular points.



Ex. 0—-x)y"+2(x-1)y' +xy=0— y”—2y’+1iy:0
—-X

x=1 is a regular singular point

Ex. x=1’y"+3(x=1)°y' +y=0—>y"+3 ! Y + ! Ty =
x—17  (x-1)
x=1 1s an irregular singular point
Ex. Consider the problem x’y"+3xy'+2y=0
x=0 1is a regular singular point.
2
Let z=Inx, then xi:i and de_2 (——)
dx dz dx~ dz dz
2
xzy”+3xy'+2y:O—>i(i—l)y+3d—y+2y:0—>dy dy+2y 0
dz dz dz z

—y(z)=ce " +c, e =e*[C, cosz+C,sin z]

y(x)=x"[C, cos|ln X| +C, sin |1n X|]

So, y(x) cannot be expressed as y(x)= iaixi for x=0 being a regular
=

singular point.

% The problem (x-1)’y"+3(x+2)y'+2y=0 can be shifted as

2’y"+3(z+3)y’+2y =0 by introducing z=x-1.

HW. Identify the nature of the singular points of the following equations

I. A=x)*y"+2(x-1)y' +y=0,

2. (X =4y +(X+3)Yy =5(x+1)y=0

§ The Frobenius method

Let x, be aregular singular point of the equation
a(x)y"+b(x)y’+c(x)y =0
Then, in some interval 0<|x-x|<d, the solution will always possess at

9



least one solution of the form
() = (X=%) D & (x=%,)’
i=0
where a,#0 and c is a real of complex number. A second linearly

independent solution of similar form will exist that may contain a

logarithmic term, though with a different value of ¢ and some other

coefficients b,, b, .. in place of the coefficients a,, a, .... Taken

together, these two solutions form a basis of solutions for the differential

equation.

* Suppose the problem y"+§ p(x)y’+%q(x)y =0 to have a regular
singular point x=0. Then y(x), p(x) and q(x) will be expressed as

Y00 =xTax, p9- p(0)+2—,F( " =3,

a(x) = Q(0)+Z 'd — iE;qix‘.
i (i+c)(i+c—Dax™?+ (i p,X )Z (i+c)ax™ + (i gx )i ax*? =0
= = e . _
Taking the coefficient of the term x°*: [c(c-1)+ p,c+q,]a, =0, which
yields the indicial equation c(c—1)+ p,c+q, =0 from which two roots

c=c, and c=c, are obtained. The solution y(x) is expressed as

y(x)=B,y,(X)+B,y,(x), where y,(x) and y,(x) depend on the following
four cases:

1. Both c/(>c,) and c, arereal and c —c, neither zero nor a positive
integer.

Y00 =] 1+ Y ax], y,0=

10



2. Both ¢/(>¢c,) and c, arereal and c,—c, equal to a positive integer.

C ibixi
i=1

Y, () = |x|" [1+iaixi], ¥,(X) = Ay, (X) In|X|+|x

3. Both ¢, and c, arereal and ¢ =c,.

o0

C Zbixi

i=l1

yl(x):|x|°l[1+§aix‘], Y,(X) = y,(X) In|X| +|x
4. ¢, =A+~-1y and ¢ =A--1u

y,(X) =Re{[x|" [1+iz::aixi]}, yz(x):Im{|x|°‘[1+§aixi]}.
Ex. Solve 2xy"+(x+1)y +y=0

Sol. Let y(x):iaixi“,

i=0

2 (i+0)(i+c—Dax™ " +(x+1)D (i+c)ax ! +> ax =0
i=0 i=0

i=0

> 2(i+0)2i+2c-1ax " + Y (i+c+D)ax =0

i=0 i=0

c2c-Da x"+ > (i+c)2i+2c-Dax* "+ (i+c+Dax* =0
0 i i

i=1 i=0

Introduce i=j+1

c(2c-1a X+ (j+1+C)(2j+2c+1)a_Xi+C+ (i+C+1)a-Xi+C —0
0 , |

j=0 i=0
c2c—Da, X"+ (j+1+0)[(2j+2c+Da,, +a,]x** =0
i=0
1 1
—>c=0, c=—, i, = -4
2 I+2c+2)
C - __ 1 _ 11 1
ase ¢=0, B =T AT TR RS TIASIA, &SR =
X2 X3
X)=a,(1-X+——-—+..
Y, (%) =2a,( T )
1 1 1 1 1
Case c=—, A =~ ~aj, & =—78, & =78 =78
2 21+ ) 2 297
1 X

Y, (X) = aox‘/2(1—5x+§+..)

11



2 3 2

Finally, y(x):ao(l—x+x?—i(—5+..)+ boxl/z(l—%x+%+..)
Ex. xzy”+x(2+x)y’—2y:0+y”+§(2+x)y’—%y:0, p(0)=2, q(0)=-2
The indicial equation is c(c—1)+2c-2=0 —>c’*+c-2=0—>¢ =1, ¢c,=-2
c =1, yl(x):i:aixi+l
=
i(i +1ia X" +x(2+ x)i(i +1)ax —Zi ax™ =0
i i i
i(i +1)ia x""! Jrziiaixi+1 +i(i +Dax? =0
i = =

i(i +3)iax" + i(i +Dax*? =0— i(i +4)(i+1)a;, X7 + i(i +ax? =0

S+ +4)a, +a X" =0—>a, =——a
i=0 1+4
a=——a,, a _ 1 —La =——a,=- ete
Ty RTTER TSN 67 ase O
1.1, ;
Y, (X) =x(1-—X+—X" - X +.)

477 457 4456

c,=-2, yz(X) = A)/I(X)IIIX+X722biXi

i=0

Then y(x)= Ay, (X)Inx+ A% Y, (X) + i (i-2)bx"

i=0

VA = A0 I X+ 2 AYI0~ A=y, 00+ D 1-2)i - 90X

i=0

Substituting y,(x), yi(x) and yi(x) into x’y"+x(2+Xx)y’'-2y=0 yields
AX* Y+ X(2+X) Y] =2y, ]I X+ A(Y, + XY, +2xy))

3 1-3)-20bxX 2+ 3121~ 2+ 3 (-2 - Y 20X =0
Or

ACY, + Xy, +20) +3 i~ 3)bx + 3 (-2 X =0

i=0 i=0

A(yl + Xy, + 2ny) +i I(I —3)bixi72 + i(l _ 2)biXH ~0

i=1 i=0

Let i=j+1

12



AL 39, +2x9)) + 3 (G + D=2y, ) + D~ 2)bx ™ =0

=0 i=0

ACY, + 9, +209) + 3 (1= D[+ Dby, +b X =0

i=0

Substituting y,(x)=> _ax™' into the above equation yields

A[i (2i+3)a,x™! +iaix”2] +i(i ~2)[(i+Db,, +b]X" =0 or
Al3a, X+ i(Zi +3)ax"" +iaixi+2]
+(=2)(b, +b, )X +(=1)(2b, +b;) +2(u D[Gi+Db,, +b]x" =0

=3

Or
A[3a,X+ i(2j +5)a,, X" +iaixi+2]
j=0 i=0
H(=2)(b, +b,)X "+ (=1)(2b, +b) +3 (K + (K +4)by ., +by;]X" =0
k=0

which implies

1 1 1 1
AZO, bl: bO’ b2 bO’ bk+4_—mbk+3 or b4=—zb3, bSZEbS’
b = b, , etc.
©T 44506 °
S X X
0, X)=b, (x> =% +— +bx1—— — ..
Y,(X) =Dy ( ) ( 445 s +..)
XX N
Since the second term bx(l—— —— +..) of y,(x) is linearly

4 4e5 44546
dependent on vy, (x), then the term can be omitted and y,(x) can be
expressed as

Y00 =b, (" =X +2)
which is linearly independent on y,(x).

The complete solution of y(x) is y(x)=c,y,(X)+¢,Y,(X).

2_
X Xy'+Ly:O

XZ

Ex. x*y"+(x*=x)y'+y=0 or y"+

13



x=0 1is the regular singular point of the problem.

2 —_—
lin(}(xx—zx, x> iz) =(-1,1), The indicial equation is c(c-1)-c+1=0,
X—> X X
1. One solution is expressed as y,(x) = > ax"" .

i=0
[ii+D)+1ax ™ + > (i+Dax™? =) (i+Dax™" =0
=0

i=0 i=0

zizaixi+l+z(i+1)aixi+2:0_>Zi2aixi+l+Z(i+l)aixi+2:O_>

i=0 i=0 i=1 i=0

(i+1) amxi+2 + z (i+Da X" =0— z (i+D[({i+Da,, +a X =0

1 . 1 1 1 1
—>ai+1:_i+1ai- Q=-a,, azz_EalzaaOa 632—58.22—58.0,6'[&
x> X
X)=X(1=X+———+..)=xe"*
Y, (X) = X( > 3 )

V(0= Y,(0 I X+ X3 X — Y3 (x) = y;(x>1nx+§yl(x>+z(i+1)bix‘

" " 2 ' 1 sor i—
%yz(x):yl(x)ln)H‘;yl(x)_FY1(X)+Z|(|+1)bix l
i=1

2., 2.4,

X7y, (X) = X7y (X) In X+ 2xy,(X) — y,(X) + Zi(i +1)b. X
X2y4(X) = X2y (X) In X + Xy, (X) + Z(i +1)b "

=Xy5(X) = =Xy () In X =y, (x) = >_ (i + DX

i=1

Y2(¥) =y, () Inx+x3_bx

i=1
XY+ (X =X)y +y=0—

OCY/+XCY] = Xy]+ Y I X 42Xy] =2y, +Xy, + i+ DhX™ + (i + DX
1 1 1 1 1 1 1 !

i=1 i=1

> ([i+Dbx* +x> bx =0—
i=1 i=1

2Xy; =2y, + Xy, 2 IPhX* > (i + Db X2 =0

i=1 i=l

23y, — 2y, + %y, +b + 3 X+ (i + DX =0

i=2 i=1

14



2Xy; =2y, + Xy, +0, X% + D (i + D[ + Db

i+1
i=1

+b X" =0

3 4 4
(2x—4x* +3%° —%x“ +.)-(2x=2%* +X?—X?+..)+(x2 X’ +X7+..)

+hx* + D (i + D[ + Dby, +b x> =0

i=1

(- +x° —%4+..) +b X2+ D (i + DI +1b

i=1

+b X" =0

i+1

. 3(3b,+b)=Lt—>b =1, b,=—3/4, b =11/36.

—b =1, 2(2b,+b)=-1 : :

Y,(0) = y,()Inx+ x> b

i=1

Ex. x*y"—xy'+10y=0 or y”—ly’+my=0, p(0)=-1, q(0)=10
XX

2
The indicial equation c(c—1)-c+10=0 yields c=1+3j, j=+-1I.
y(x) =Y ax =Y [(i+c)(i+c—1)—(i+c)+10]ax" =0—
i=0 i=0

D [(i+c)i+c—2)+10]ax"  =0—>[(i+c)(i+c—2)+10]a =0

i=0

(i+c)i+c-2)+10-0 for i=2,.. = a =0 for i=2,..
i=0, [c(c—2)+10]a,=0—>a, #0 (nontrivial solution)

So, y(x)=a,x" +bx'" =a,xexp[ln x*']+b,xexp[In x ]
=a,Xexp[ j3In x]+a,xexp[—j3In X]
= a,X[cos(31n X) + jsin(3In x)]+b,X[cos(31n X) — jsin(31n x)]
=(a, +b,)xcos(3In x)+ j(a, —b,)xsin(31n X)
= AXcos(31n x) + Bxsin(31n X)

Hw Find two linearly independent solutions and the first four terms of the

following equations
1. 3%y —xy'+(x+1)y=0

2. (X=2’Y' = (x=2)y' +(X* —4x+5)y=0

15



§ Bessel function of the first kind J_(x)

2
Bessel’s equation x2%+xﬂ+(x2—v2)y=0 v>0

dx
2
Or X d y2+/1x dy +(A*X=v)y =0
d(Ax) d(Ax)
dly dy ., o,
X —2L X2+ (AP =v)y =0
dx2+ dx+( )Y

2 2 2
dy, ldy x-v

=0 0)=1 0) = —v?
o X v y=0—>p0)=1, q(0)=-v

The indicial equation c(c-1)+ p(0)c+q(0)=0 yields c=+v

y) =2 ax™, Y I(+V)i+v-Da +([i+v)a -vialx™ + 3 ax™"? =0

i=0 i=0
Z(I + 2V)iaixi+v n zaixi+v+2 -0 ,
i=0 i=0

1+ 2V)a1X1+V + Z (i+ 2v)iaix‘+v n Z aixi+v+2 —0
i=2 i=0
(I+2v)ax™ + > [([i+2+2v)(i+2)a,, +a X" =0

i=0

a,=0, a,=—— : - a4, a,= 2_1 ),
(IT+2+2v)(1+2) 2°(1+v)
1 (-1)?
a=—3 a, =3 a,
2°(2+V) 2°(1+V)(2+V)
(_l)mXZm

Let a, D y(X) 2 JV(X) = XVZ 22m+v
m=0

T 2T(+v) mICm+1+v)’

J,(x) is the Bessel function of the first kind of order v

N _lmXZm
1,00=x"Y D
o2 mII(m+1-v)
(_l)mX2m+n
J (X)=
") Z22”‘+”m!(m+n)!

m=0

The gamma function I'(x) is defined as T'(x)= J': e 't dt

with the property T'(x+1)=xI(x), T(n+1)=n!

When v is not an integer, the general solution of

16



2
xzﬂ+xﬂ+(

dx? dx X -vy=0

is y(X) = CI‘JV(X) +C2J7V(X)

2
and the general solution of x’ %4‘ X%-I— (A*X*=v?)y=0 1is
X X
y(X) = Cl‘]v(ﬂ’x) + Cz‘]—v (ﬂ’x)
Properties

L. 3,00=(-1"3,(0

()" (=)"x""
J_n(x) Zzzm nm|(m n)| 222m nml(m n)l

B (_1)k+n 2(k+n)-n ( l)k X2k+n o
_222(k+n)—n(k+n)!k|_( ) 222k+n(k )'k'_( 1) ‘]n(x)

k=0

d
&‘JO(X) = _‘]l(x)

J,(X) = Z
—J() 3 ()" 2mx - CD X5 (x)=-3,x)

= 2’"m!m! *2°" 'mI(m-1)!

( l)mXZm
«2"mim!”’

3. —(xVJV)szJv_l(x) or IXVJV_I(X)dX:XVJV+C

. 1 2 m+v X2m+2v—1 y _l m X2m+v—1 .
_( x'J ) z ( 2r2+v ( ) =X Z 2m(+v—l) =Xx'J
277 mIT(m+1+v) = 2 m!T"(m+v)

4. —(x‘VJV):—x‘VJv_l(x) or IX‘VJV_I(x)dx:—x‘VJVJrc
dx

5. 3,400+ 3,00 ="23,(0

6‘ ‘]v—l(x)_‘]vﬂ(x):z‘]\;(X)

Ex. Express J,(x) interms of J,(x) and J,(x)

6 6 4 24 6
Ans. J,=J;, :_‘]3 -J, :_(_Jz -J)-J, :(7_1)‘]2 _;‘]1

—(——1)( J—J)——J —(ig 8)3, 41— )

17



Ex. Evaluate J'(x2 +1)J1dx

X
Ans. J.xVJv_l(x)dx =x"J, +cC, IX’VJV_I(x)dx =—x"J, +cC
.[(xz +§)J1dx = Iszldx+I§Jldx =x"J, +_[x‘2(le)dx+c
=x*J —ij dx'+c=x*J, —x"'(xJ )+Ix‘li(xJ Ydx +¢

2 1 2 1 dX 1

=x’J,-J, +Ix’1xJ0dx+c =x’J,-J, +JJ0dx+c
Ex. Evaluate Ix3Jodx
Ans. jx J,dx = Ix (XJ,)dx = jx (xJ Ydx = x*xJ —jZXXJ dx
=xJ, —ZJ. x*J,dx = x’ —2x7J, +¢
§ Bessel Function J,,(x)

By substituting u=x"y into the Bessel equation

XY+ Xy +(X* vy =0

: 4 -1
yields u"+(1-———)u=0.
4x
_ _ 1 _ _ 3 _ _
y =X 1/2LI , yl — (X 1/2u)l ——_X 3/2u +X l/2ul , yu N 5/2u —X 3/2ur+ X 1/2un
2 4
2.,m 3 1/2, 1 3/2, . m ' 1 /2,1

X7y ==x"Pu—x"u+ X, xy = ——x""u+x"u
4 2

(X2 —V2)y _ (X2 —V2)X71/2u — 2 —vix 2y

2
X3/2u” +[X3/2+(l ) —I/Z]U O—>U" +[1_4V . 1]u=0
4 4x

1 . _ .
Let V=" u"+u=0, u=acosX+a,sinx, y=Xx"?(a cosX+a,sinX)

2
Take a =a,=v2/7 — J,(X)= —Xsmx J LX) = — cosX

From J

V+1

+J,, :AJv , we obtain
X

18



1 / 2 sinX
J..=—J .—-1J = |— —CoS X),
3/2 X 1/2 -1/2 7Z'X( X )
1 2 cos X
J =——J . -J =—‘/— sin X +
-3/2 X -1/2 1/2 7Z'X( X )

Hw. 1. Prove the following equations

a. i[XVJV(/IX)]:/IXVJH(/lx), b. i[x‘VJV(/lx)]:—/IX‘VJM(/lx),
dx dx

e, L13,001= 243, , (0 -23,000, d. 13, (401 = =23, (40 + L3, (%)
dx X dx X

e L10,(01= 213, , (0 -3, (0L, £ 3,000 = 223, (40 + 3, (2]
dx 2 2v

2. Express j J,(x)dx in terms of J,(x), J,(x) and J,(x)
3. Express J'szo(x)dx in terms of _[Jo(x)dx.

§ Bessel functions of the second order kind Y, (x)
XY+ Xy +(X*=v)y=0

X237+ X3+ (x> =v*)J, =0 and x°J" +xJ’, +(X*=v*)J_, =0

O air .01 aJ' 8

— x4+ xI! + (X" =v)J 0— x> —x x* — =2vJ, (1

8v[ v Xy +( MW, 1= 8v +( )av , (1)
i[xz\]fv+x\]1v+(x -v)HJ_]=0—>x—~ 2 9 8"] +(X* - ) =2v1_, (2)
ov 8v

Eq. (1) —(-D"xEq. (2) —

[x® dd2+xdi+(x -V )]—[J —(=D"J_1=2v[J, - (-1)"J_,]

lim[J, - (-1D)"J_,1=0, So, 1im5[~]v —(-D"J_,] also is a solution of the
Bessel equation.

Define the second kind of Bessel function Y,(x) as

cosvrd,(X)—J_,(X)
sinvrzr

YV(X) =

Case 1 v#n, Y,(x) isthe linear combination of J (x) and J_,(x).
Case2 v=n

19



cosvVzd, (X)—J_,(X) lim 1 . 0J, B &]_V]
sinvr V=N T cOSVIT ov ov

Y (X) = lim

1. oJ 1 aJ .
=—lim[— - "]=—hm
von OV cosVrr OV v->n

B 5 ( l)m l(h +h|+n) 2m
ﬂYn(X)_z‘]n(X)(y—i_lnz)—i_ ; 22'+” |(|+n)'

Where

h._1+1+ +l, }/—llm(1+;+ +1—ln|)
i [

1>

Y, (%)= (=D"Y,(x)
The general solution of Bessel equation is expressed as

Y(x) = AJ, (X) + BY, (X).

§ Modified Bessel functions 1,(x) and K, (x)
XY+ Xy — (X +v)y =0
] o) ( 1)'(jX)2i+V © 2I+V .
J =+/-1
(0= Z 2NN+ 14+v) Z 5 2" +1+v) =1
Modified Bessel function of the first kind

2i+v

X
L= ; 27N (i +14V)

J, (0 =71,00=>1,00=j"3,(0), 1,)=]j3_,(i%

If v i1s an integer, then the modified Bessel function of the second kind
1s
Ky (%) _zLo0-LKx) and K (x)= hmM

2 sin(vr) 2 von o sin(Vr)

The general solution of x*y"+xy'—(x*+v?)y=0 is y(x)= Al (x)+BK (X).
Furthermore, the general solution of x*y”+xy' —(A°x* +v*)y =0 is

y(X) = Al (1X)+ BK, (1X) .

Hw

20



1. Use the definition of 1,(x) to show that

ﬂlv(x), v>1
X

a. Iv—l(x) - Iv+1(x) =
b‘ Iv—l(x)+|v+1(x):2|\;(x)) VZI
§ Orthogonality of Bessel Functions

2
K@)+ 3@ + (@ x— )3, (@x)=0 (1)

2
xJ"(a, %) + Jv'(amx)+(a;x—V7)Jv(amx) 0 (2)
With one of the following three kinds of boundary conditions

1. J,(za)=0, i=1,..
2. J(za)=0, i=1,..
3. kI, (@) + 3! () =0
a a 2

[3,@0xmdx— | vamx)[xJ:(aanJ;(anx>+<a§x—V7>Jv(anx>]dx =0
= x3(@,) 3, (@) = [ 31 )dIX, (@ 01+ |3, (2,03, X)X
+a; | ava(amx)Jv(anx)dx—vz.[al 3, (@, X)J, (e, X)dx =0

0 0 x
= =[" 3,3, (@ X)dx = [ X3 (@, )03, (@) + [, (X)) (@, X)X
+an2Iava(amx)Jv(anx)dx—vz.[al J,(a,X)J, (a, X)dx = 0 —>

0 0 x

a2 [ X3, ()3, (e, X)dx = vzjal 3@y, (e, X)dx+ +[ X3} (@, )3, (1, X)clx
0 0 X 0
Similarly,
a2 "X, (@, %), (e, X)dx = vzjal 3, (@), (@ ¥)dx+ X3 (@, )3, (et X)dlx
0 0 X 0
The above two equations imply
(ap = a) X, ()3, (@ X)dx =0
which shows (a - anz)_[: xJ, (@, ¥)J,(a,x)dx=0 for m=n.

21
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Furthermore,

a2 [ X3, (a3, () )dx=V? | L3 (@03, (ax)dx+ [ X3 (@, )9, (e, x)dx
0 0 x 0

§2 Membrane
2-2 Polar coordinates

—+ f(r,6,1) y

w(r,0,t)

Ex. Circular membrane fixed around the boundary r=a
Case 1 Free Vibration
w(r,0,t) = sin(wt)R(r)0(6)
d’ R 1 dR 1 d’e

T[O R— R®=0
ol ( rolr)+ s 2]+pw
ZLdR ld_R) ,1] ld_?_() A2 = pa)
R dr* rdr ® do T,
2
2ldR ld_R) A= d(?:k2
R dr* rdr e do

ke —jke
®=ce’ +ce
Due to © is a single-value function of 4, 1.e.,
0= Clejka " Czefjke _ Clejk(6’+2m7r) " Cze—jk(€+2m7r)

ej2km7r —j2kmz

=c,e™’ +c,e e

which implies k is a positive integer.
® =, cos(m@) + ¢, sin(m@)

oL AR lOl—R)+/12] m>=0 or
R dr* rdr
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,d’R dR

o +r0|—+(/12r2 -m*)R=0... Bessel’s equation
r r

R(r)=c,J (Ar)+c,Y, (Ar)

However, lim J,, (4r) = finite, limY,, (Ar) =—0, R(r)=¢,J,(4r).
The roots of J_ (1a)=0 are denotedas 4 ,a=j,
ﬂ’rﬁn = (jmn /a)z = pa)r%ln /TO o a)rfm = ﬂ“nzmTO /p

Orthogonality
d 2
d qe2

r[r dz -J (jmn )+ J (Jm” N+ (A 2—mz)\lm(%)ﬂ

a4 (‘m“ )+rd J (Jmn Jmly 22 2 omty Amy =0 or
a

—{—[r—Jm(MnH(ﬂén LU LA
r dr dr a r a

a jm ri1.d d .mnr a jm r m2 'mnr
Ji a3, DB+ [0, () (22, ~20)3, (= =0

J‘O (Jmp ){:jj[ (;j J (Jmn )]}dr+I J (Jmp )( _m_z)Jm(M)rdrzo
r a

J‘O (Jmp ){:jj[ (;j J (Jmn )]}dr+I J (Jmp )( _m_z)Jm(M)rdrzo
r a

Il d o [ pad s dmld
J P —J, (") —| r—1J P —J, (Z2)dr
S R A A P

a 2 ir i
@z, - Ay Jmlyrgr 20
o Vmn rz m a m a

a d ol d T P | (N R S T
- r—=J3, (—")—J, (™)d A ——)9 *)J, (™ )rdr =0
e R A L W R SN e A C e L

Similarly,

r a 2 j oo 7
e o, =0 85, e o g, - Mg, =, A= yrar <o
r a a

2 25(2 jmnr jmpr _ : :
(p = )], 130 25)J,, (~2)dr =0 implies

a i ir
["ra, =03, AmDar =0, np.
0 a a

Case 2 Forced Vibration
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0 10 1 & o°w
e w+ f(r,0,t)=
or* ror r? 602) ( )=p ot?

w(r,6,t) = Z[A\nn (t)cos(m&)+B, ., (t)sin(mé)]J,,,(j...F / &)

To(

2 2
~ 10 [y, 05(MB), By sin(mO) 5+ -3, (e
Yo R rdr r?

+Zd—22[Am cos(mé), B,,, sin(m@)]Jm<’m—“r) = i f(r,6,t),

m,n

1d

__0 I, Jmn
Z(Antmn)( T ) n ()

+Z (Am,an)J (Jmn Amly - il 1 (r,0.0)[ cos(md), sin(me)]do

=(Fy. FO)(r,

m?>° s

However,

d? ir d ir ir
rszm(J";‘ )Jrurol—Jm(Jﬂ)Hﬂtfm 2—mz)Jm(‘ﬂ)zo

Or [—ot——t(A— )]J (Jm“) 0 implies

2 2
(d— 1i—m—)a (‘m"r>——ﬁrin3m(‘m“r),
rdr r?

Z(Am,Bmm (‘m“ )+Z (Aw B, (’m” dmly — (SR,

dt?
Z(dt2 wm“)(A"”’an)‘]m(Janr) (Fp, FS)(r,1)
(3_:2+a)r31n)(p\'nna8mn) = _[Oar(FmC, F’ )(r,t)Jm(jmnr/a)/J'Oa r32(j,..r/aydr

= (o, Fn)(®)

The 1nitial conditions are

w(r,0,0) = Z[Am (0)cos(mé)+B,,,(0)sin(m&)1J . (],.F /)
%w(r,e, 0)= Y [A,,(0)cos(m8) +B,,, (0)sin(ME)]J,, (j, /)

(A..,B.)(0)= lja j 7 rw(r,8,0)[cos(m), sin(md)}J_(j. r/a)dr /
T 0J0

j: 132 (jal / @)dr
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%(Am, By, )(0) = %jo [ r%w(r,e, 0)[cos(Mm@), sin(Mé)]J,, (j, T / 2)Ar /

j: 132 (jal / @)dr
§3 Heat conduction

2 ag-kas
ot on

AQ: internal energy, k: coefficient of heat conduction, T :temperature,

n: normal direction, AS: surface area.

0 oT
—AQ=—pCc—AV + f(r,0,z2,t)AV
p Q=-p p ( )

AV : volume, p: density, c: specific heat, f : heat source.
2Q=k[[ S ds =K [[ VT +nds k][] v+ VTRV —-k|[[v*Tav

oT
=([[ct - pe v

pC%—kva:f(r,e,z,t) or a%—VZT:f(rﬁ,z,t)/k’ a=pclk.

2 2
Ex. a—u:kz(a—u+lau L 2u

_+__
ot or* ror r? 892)

with U(LO,0)=0, u(r.0,0)=(1-rcosd, —-u(r.0,)=0, -u(r,z.t)=0
00 00
Let u(r,6,t)=T(t)R(r)cosd

2

Rcos@%d—T:TcosH(d—|§+ld—R—E2)a
k= dt dr rdr r

1 dT 1 d°R 1dR R
=t
KT d& R dr* rdr r
d’R dR
2 +r—+(a’r’*=1)R=0 ... Bessel’s eq.
dr? dr (e ) 1

)=—a

T(t)y=e @, r

R(r)=bJ,(ar)+cY,(ar), lrinolY1 (ar)—> o, R(r)=bJ(ar)

The condition u(1,6,t)=0 implies J,(«)=0 whose roots are denoted as
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n

u(r,0,t)=cos &y b, exp[—(e, ,k)*t]J,(ex, 1),
n=1

(1-r)cos@=cos 0 b J (1), (1-r)=>bJ (a,r)
n=1 n=1

1 1 )
b, = [ (1=1)r3 (e, / [ 13} (e, ,r)adr
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